CORRECTNESS OF AN ANALYTICAL SOLUTION OF AN INVERSE PROBLEM
OF HEAT CONDUCTION
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We discuss the analytical solution of an inverse Cauchy boundary-value problem
of heat conduction and analyze its correctness.

The analytical solution of inverse boundary-value problems, together with solution by
other methods is of interest in thermal engineering [1]. Tn [2-4] analytical solutions were
constructed in the form of functional series. An important drawback of this form is that they
contain derivatives of arbitrary order of the experimentally determined time dependence of the
temperature and its gradient at points inside the body. This immediately limits the applica-
bility of series constructed in this way because errors in the measurements of the parameters
are amplified when their time derivatives are calculated.

The purpose of the present paper is to demonstrate the possibility of constructing an
analytical solution of inverse problems free from this difficulty and to analyze the correct-
ness of the problem within the class of analytic functioms.

1. We consider an inverse boundary-value problem in the Cauchy formulation for an infi-
nite plate:

Up=Upy, [>0, (1)
Lo, 0)=f(), - (2)
U (f, 0)= o (2). (3)

We apply the integral Laplace transform with respect to x to Eqs. (1)-(3):

u(r, H=V(p, 1) = S v (x, ?)exp(—px)dx. (4)
0 .

Then for the left- and right-hand sides of (1) we have

v (x, ) =V,(p, 1), (5)
Uee (%, ) = PV (0 ) — P () — @ (0). (6)
We obtain the following equation for the transform
Vip, ) =pV(p, ) —pi @) — (), &)
whose solution is

1
Vip, 0 =—exp(e"t) {[ [p] @ + o @lexp (—p* di ++ C (p)}. ®

0

Among the solutions of (7), only one of them is the correct transform. It can be ob-
tained from the general solution (8) if we C(p)=0 in it (within the class of analytic func-
tions, the function C(p)exp(p3t) is a Laplace transform only when C(p)=0).

In order to find the inverse transform of the solution (8), we consider two possible
cases of practical interest in which the experimental time dependence of f(t) and ¢(Z) is ap-
proximated.

2. We approximate f(t) and ¢(f{) by exponential series of the form
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and we then obtain for the transform

2
Vip, t)y = 2 ak—~—-—-———~exp(oc ) -+ Z by -——e—)i—p—(—ﬁit)g—. (8")

B=0 — Br

Then after the inverse transform, we find for the solution of (1)-(3):

n . m 2
vix, ) = Z oy exp (a4f) chayx -+ E bkﬁ}%@fé)—- sh Byx. (10)
: k=0 k=0 )

3

Although this result is of considerable practical value, it is not suitable for analyzing the
correctness of the solution.

3. If we approximate f£(t) and ¢(f)by polynomials

n m
f@) = 20 axt* and @ (f) = k}:o byt (11)
k= ] =

we obtain for the transform

- m
Vip, fy = —pexp{p’) 2 ahj' thexp (—pt)y dt — exp (pF) 2 by, i tEexp (—pif)dt =

=0 J- =24
n f‘k+1 k' l’k'—l“i‘l in k-1 kg Zk"i'i‘l
~ ! |\l - .
| . A + ¥ b , = | 12
k=0 fo (f—i4- 1t p¥—t } = ‘%I (k — i 1 p¥ ] (12)

Then the solution of (1)-(3) is

i Las 23l gk—z+1x2z -2 +1 Bl k1t [p2i]

R0 T el G IZ pRE T @

k=0

4, We consider the correctness of the solution (13) for 0 < x <b and 0 < t < T within
the class of polynomials, i.e., we put

V-
fl“faaEEQkik, e>0, a4
k=0
M -~
(Px‘“(Pz:SEbkfk, §>0. (15)
: k=0

We have the following upper bounds for (14) and (15):

o= Fal < e ma |y | (T — DT — 1) = & (P — 1T 1),

, (16)
| ¢y — @ | < Smax | by | (TYH — DAT — 1) = 8, (T — (T —1).

The difference between the solution (13) of the problem (1)-(3) with /1, ¢; and with [a

kTi b Ty 2 M Ra T 2ii
Bl ph—i-tIg2i—2 Bl fh—1+ 1201
1—1;2*82%{ }—i— Zb 3 ]

ot e (B — - D121 — 2)! A (f— i 1)1(2i— 1)! 17
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The upper bound (17) gives

N Bl s - M B it o

e ) e Ll D iy

=iy (k—i4- D120 —2)! =l (B —i 4 1120 — 1)
’ F (T, b —— 8 F(T, b
=t 3 ){;-Z-i{ (k— i~ 1)1 (2 —2)! J+ ‘?0 ( )L; G ir @1y
Rt 1 Bl Al k!
Using the fact that the sums ES and ‘F are dominated bv
(B —i- 1) (2—2)! (sz—f—l)‘(z—l
2k, we have the upper bound
N M
ot <oy 3 Fy(T, )25+ 8, S Fy(T, )2 (19)

k=0 =0

The functions F; (T, b) and F,(T, b) are equal to bZka'amdbzk""Tk respectively for b > 1,
T > 1; unity for b < 1, T < 1; bzk, b2k+! | regpectivelv for b > 1, T < 1; and TX for b < l
T > 1. We then obtain for these four cases

a) |0y — v | << & [(2THYN+1 — 1}/(2TH* — 1) 4 8b [(QTb)M+1 — 1}/(2TH* — 1),
D) 03— 0y | < &y (VT — 1) + 8y (241 — 1),
&) 10y — 0y | < 8 [(BYVHT — 11/(26° — 1) -+ 8b [(2b3)M+1 — 1]/(252 — 1), 99
a) |0y — vy | <o [TV — 1)/(27 — 1) + 8 [(2T)+! — 11/2T — 1).

Comparison of (19') with (16) shows that the solution of the problem depends not only on
the accuracy of the input data, but also on the dimensions of the space—time region.

NOTATION

v(x, t), temperature at a point on the plate with coordinate x,it = ar/1§ and 7, dimen-
sionless time and actual time; a, thermal diffusivity of the body; 1o, characteristic length
in units of which x is measured; f(t) and ¢(t), time dependence of the temperature and tem=—
perature gradient measured at the point x = 0.
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